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Abstract. A higher dimensional frame formalism is developed in order to study
implications of the Bianchi identities for the Weyl tensor in vacuum spacetimes
of the algebraic types III and N in arbitrary dimension n. It follows that the
principal null congruence is geodesic and expands isotropically in two dimensions
and does not expand in n− 4 spacelike dimensions or does not expand at all. It
is shown that the existence of such principal geodesic null congruence in vacuum
(together with an additional condition on twist) implies an algebraically special
spacetime. We also use the Myers-Perry metric as an explicit example of a vacuum
type D spacetime to show that principal geodesic null congruences in vacuum type
D spacetimes do not share this property.
1. Introduction
For dimensions n < 4 the Weyl tensor vanishes identically and for n = 4 it has
very special properties. It is of interest to determine which of the properties of four-
dimensional (4D) spacetimes can be straightforwardly generalized to higher dimensions
and which need to be modified or do not hold at all.
Recently a classification of algebraic tensor types in Lorentzian manifolds of
arbitrary dimension was developed [1]. For the Weyl tensor in 4D this classification
reproduces the Petrov classification and for the Ricci tensor in 4D the Segre
classification.
In 4D it follows from the Bianchi identities‡
Rab{cd;e} = 0 (1)
that in algebraically special vacuum spacetimes the multiple principal null direction
of the Weyl tensor is geodesic and shearfree. In this paper a higher dimensional frame
formalism is developed in order to study implications of the Bianchi identities, which
are given in Appendix B, for vacuum spacetimes of algebraic types N and III in higher
dimensions. Although in most applications it is necessary to perform calculations in a
given spacetime dimension n, in this paper we present results without specifying the
dimension and hence these results are valid in any dimension.
‡ Note that in this paper we use two different operations denoted by {}. In the first case {} acts on
three indices and stands for Rab{cd;e} = Rabcd;e + Rabde;c + Rabec;d. In the other case {} acts on
four indices and is given by (5).
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In 4D, for algebraically special vacuum spacetimes some of the tetrad components
of the Bianchi identities in the Newman-Penrose formalism [2] lead to simple algebraic
equations (i.e. equations with no derivatives). In higher dimensions these algebraic
equations are much more complex and the number of independent equations, as well
as the number of unknowns, depend on the dimension of the spacetime.
We show that in vacuum type III and N spacetimes of arbitrary dimension the
multiple principal null direction (PND) is geodesic. For type N spacetimes (Sec.
3) the symmetric expansion matrix S has just one non-vanishing doubly degenerate
eigenvalue. Consequently, the principal geodesic null congruence expands isotropically
in two dimensions and does not expand in n − 2 dimensions. Thus, shear does not
vanish for n > 4. The antisymmetric twist matrix A has only one independent
component. All other components may be set to zero by appropriately choosing
the frame. For type III, we prove similar results in the generic case (Sec. 4) and
in the non-twisting case (Appendix C.1). The complete proof, including all possible
degenerate cases, is presented for five-dimensional spacetimes (Appendix C.2).
In Section 5, we show that for a vacuum spacetime the properties of S and A
matrices mentioned above imply that the spacetime is algebraically special. We also
show that an arbitrary vacuum spacetime admitting a non-expanding and non-twisting
geodesic null congruence (i.e., a higher dimensional generalization of the vacuum
Kundt class) is algebraically special.
These statements cannot be regarded as a generalization of the Goldberg–Sachs
theorem for higher dimensions (see Sec. 5 for details) since in Appendix D it is shown
that the Myers–Perry metric, which is of the algebraic type D, has the expansion
matrix S with one doubly degenerate eigenvalue and also another non-vanishing
eigenvalue.
In Section 6, we conclude with discussion of potential applications.
2. Preliminaries
The Newman–Penrose formalism [2] in 4D is based on using a null tetrad ℓ,n,m and
m¯, where ℓ and n are real null vectors andm and m¯ are complex null vectors instead
of an orthonormal basis, thus taking advantage of the null cone structure of spacetimes.
For n-dimensional calculations it seems to be more practical to choose a pair of null
vectors ℓ, n and an orthonormal set of real spacelike vectors m(i). We thus need
two types of indices: indices a, b, . . . with values 0, . . . , n− 1 and indices i, j, . . . going
from 2 to n − 1. We will observe Einstein’s summation convention for both of these
types of indices. However, for indices i, j, . . ., there is no difference between covariant
and contravariant components an thus we will not distinguish between subscripts and
superscripts.
The frame
m(0) = n, m(1) = ℓ, m(i) (2)
thus satisfies
ℓaℓa = n
ana = ℓ
am(i)a = n
am(i)a = 0, ℓ
ana = 1, m
(i)am(j)a = δij ,
and the metric has the form
gab = 2ℓ(anb) + δijm
(i)
a m
(j)
b .
If one would like to completely generalize the Newman–Penrose formalism for
higher dimensions it would be necessary to denote Ricci rotation-coefficients and all
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independent components of the Riemann, Weyl and Ricci tensors and then rewrite all
frame components of the Bianchi identities (1) and the Ricci identities
Va;bc = Va;cb +R
s
abcVs,
where V is an arbitrary vector, as well as expressions for commutators [8] of covariant
derivatives in directions of the frame vectors
D ≡ ℓa∇a, △ ≡ na∇a, δi ≡ m(i)a∇a. (3)
However, in this paper we are only interested in studying consequences of the Bianchi
identities, which are given in detail in Appendix B, and thus we do not introduce the
Ricci identities except for equation (103) given in Section 5.
2.1. Decomposition of the Riemann and Weyl tensors
In order to construct a basis in the space of 4-rank tensors with symmetries
Rabcd =
1
2
(R[ab][cd] +R[cd][ab]), (4)
we introduce the operation { }
w{axbyczd} ≡ 1
2
(w[axb]y[czd] + w[cxd]y[azb]). (5)
When decomposing the Riemann tensor in terms of the frame vectors we also
have to take into account that
Ra{bcd} = 0. (6)
Now let us decompose the Riemann tensor in its frame components and sort them by
their boost weights (see [1]):
Rabcd =
2︷ ︸︸ ︷
4R0i0j n{am
(i)
b ncm
(j)
d }
+
1︷ ︸︸ ︷
8R010i n{aℓbncm
(i)
d } + 4R0ijk n{am
(i)
b m
(j)
c m
(k)
d }
+4R0101 n{aℓbncℓ d } + 4R01ij n{aℓbm
(i)
c m
(j)
d }
+8R0i1j n{am
(i)
b ℓcm
(j)
d } +Rijkl m
(i)
{am
(j)
b m
(k)
c m
(l)
d }
}0
+
−1︷ ︸︸ ︷
8R101i ℓ{anbℓcm
(i)
d } + 4R1ijk ℓ{am
(i)
b m
(j)
c m
(k)
d }
+
−2︷ ︸︸ ︷
4R1i1j ℓ{am
(i)
b ℓcm
(j)
d } .
The Riemann frame components in this relation are subject to constraints following
from (4) and (6),
R0[i|0|j] = 0,
R0i(jk) = R0{ijk} = 0,
Rijkl = R{ijkl} , Ri{jkl} = 0, R01ij = 2R0[i|1|j], (7)
R1i(jk) = R1{ijk} = 0,
R1[i|1|j] = 0.
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Let us check that we have an appropriate number of independent frame components.
It is well known that an n-dimensional Riemann tensor has
n2(n2 − 1)
12
(8)
independent components. Counting independent frame components of various boost
weights, we obtain
2
2,−2︷ ︸︸ ︷(
m(m+ 1)
2
)
+2
1,−1︷ ︸︸ ︷(
(m+ 1)m(m− 1)
3
+m
)
+
0︷ ︸︸ ︷
m2(m2 − 1)
12
+m2 + 1,
where m = n− 2. This is in agreement with (8).
Similarly, it is possible to decompose the Weyl tensor but due to its tracelessness
we have the following additional conditions:
C0i0i = C1i1i = 0, (9)
C010i = C0jij , C101i = C1jij ,
2C0i1j = C01ij − Cikjk , C0101 = −1
2
Cijij .
It is well known that an n-dimensional Weyl tensor has
(n+ 2)(n+ 1)n(n− 3)
12
(10)
independent components. By counting the independent scalars of various boost
weights, we obtain
2,−2︷ ︸︸ ︷
2
(
(m+ 2)(m− 1)
2
)
+
1,−1︷ ︸︸ ︷
2
(
(m+ 1)m(m− 1)
3
)
+
0︷ ︸︸ ︷
m2(m2 − 1)
12
+
m(m− 1)
2
,
which is in agreement with (10).
The primary algebraic classification of the Weyl tensor in higher dimensions [1] is
based on whether all Weyl frame components of a boost weight higher then a specified
number can be transformed away by an appropriate choice of the null direction ℓ. If
it is indeed possible, we call the corresponding direction a Weyl aligned null direction
(WAND) of an appropriate order (0, 1, 2, 3). If the set of WANDs of a given order is
discrete, we call the corresponding directions principal null directions (PND).
Type III and N spacetimes admitting a WAND of order 2 and 3, respectively,
were introduced in [7]. We will use the notation based on that given in [7] which is
suitable for these algebraic classes but becomes rather cumbersome in more general
cases. Let us in accordance with [1, 7] state that a spacetime is of the algebraic type
III if there exists a frame (2) in which the Weyl tensor has the form
Cabcd = 8Ψi ℓ{anbℓcm
(i)
d } + 8Ψijkm
(i)
{am
(j)
b ℓcm
(k)
d } + 8Ψij ℓ{am
(i)
b ℓcm
(j)
d }, (11)
with Ψijk 6= 0. The case with Ψijk = 0 (and consequently from (12) also Ψi = 0) is of
the algebraic type N. Note, however, that in this paper the operation {} differs by a
factor 1/8 from that given in [7].
The components of the Weyl tensor Ψi, Ψijk and Ψij are given by
Ψi = C101i, Ψijk =
1
2
C1kij , Ψij =
1
2
C1i1j .
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Note that Ψij is symmetric and traceless. Ψijk is antisymmetric in the first two indices
and from (7) and (9) it also follows that
Ψi = 2Ψijj , (12)
Ψ{ijk} = 0. (13)
2.2. Decomposition of covariant derivatives of the frame vectors
Let us denote components of covariant derivatives of the frame vectors ℓ,n,m(i) by
Lab, Nab and
i
Mab, respectively,
ℓa;b = Lcdm
(c)
a m
(d)
b , na;b = Ncdm
(c)
a m
(d)
b , m
(i)
a;b =
i
M cd m
(c)
a m
(d)
b .
Since the norm of all frame vectors is constant, it follows that
L0a = N1a =
i
M ia= 0.
Also from the fact that all scalar products of the frame vectors are constant, we get
N0a + L1a = 0,
i
M0a +Lia = 0,
i
M1a +Nia = 0,
i
M ja +
j
M ia= 0. (14)
We thus arrive at
ℓa;b = L11ℓaℓb + L10ℓanb + L1iℓam
(i)
b + Li1m
(i)
a ℓb + Li0m
(i)
a nb + Lijm
(i)
a m
(j)
b , (15)
na;b = −L11naℓb −L10nanb −L1inam(i)b +Ni1m(i)a ℓb +Ni0m(i)a nb +Nijm(i)a m(j)b ,(16)
m
(i)
a;b = −Ni1ℓaℓb −Ni0ℓanb − Li1naℓb − Li0nanb −Nijℓam(j)b
+
i
Mj1m
(j)
a ℓb − Lijnam(j)b +
i
M j0m
(j)
a nb +
i
Mklm
(k)
a m
(l)
b . (17)
2.3. Null geodesic congruences
In Sections 3 and 4, we will show that the multiple PND in type III and N vacuum
spacetimes is geodesic. Let us thus study properties of null geodesic congruences in
higher dimensions. Analogous but in some cases not fully equivalent definitions are
given in the Appendix of the paper [10].
The congruence corresponding to ℓ is geodesic if
ℓa;bℓ
b ∝ ℓa ⇔ Li0 = 0.
It is always possible to rescale ℓ (and consequently also n) in such a way that ℓa;bℓ
b = 0
and thus also L10 = 0. From now on we will use this parametrization. Then the
covariant derivative of the vector ℓ is
ℓa;b = L11ℓaℓb + L1iℓam
(i)
b + Li1m
(i)
a ℓb + Lijm
(i)
a m
(j)
b . (18)
Let us decompose L into its symmetric and antisymmetric parts, S and A,
Lij = Sij +Aij , Sij = Sji, Aij = −Aji,
where
Sij = ℓ(a;b)m
(i)am(j)b , Aij = ℓ[a;b]m
(i)am(j)b.
We define the expansion θ and the shear matrix σij as follows:
θ ≡ 1
n− 2ℓ
a
;a =
1
n− 2[S], (19)
σij ≡
(
ℓ(a;b) − θδklm(k)a m(l)b
)
m(i)am(j)b = Sij − [S]
n− 2δij . (20)
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We will also denote σ2 ≡ σijσij . Let us, for simplicity, call A the twist matrix and
S the expansion matrix, though S contains information about both, expansion and
shear. For simplicity we also introduce quantities
S ≡ 1
2
[S], A2 ≡ 1
2
AijAij . (21)
3. Type N vacuum spacetimes
For type N spacetimes the Weyl tensor (11) has the form
Cabcd = 8Ψij ℓ{am
(i)
b ℓcm
(j)
d }, (22)
where Ψ is symmetric and traceless. Bianchi equations, given in Appendix B, now
reduce to
DΨij = − 2Ψk(i
k
M j)0 −ΨikLkj − 2ΨijL10, (23)
δ[kΨj]i = −Ψis
s
M [jk] +
s
M i[j Ψk]s +Ψi[jLk]1 + 2L1[jΨk]i, (24)
0 = Lk[iΨj]k, (25)
0 = Ψi[jLk]0, (26)
0 = Lk[jΨm]i + Li[mΨj]k, (27)
0 = Ψi{kAjm}. (28)
Let us first show that from equation (26) it follows that the multiple PND ℓ in
type N vacuum spacetimes is geodesic. For simplicity we will denote Li0 as Li.
The contraction of i with k in (26) leads to
ΨijLi = 0.
Now the contraction of (26) with Ψik gives
ΨikΨikLj = 0.
Note that in type N spacetimes ΨikΨik > 0 and thus the previous equation implies
Li = 0 and ℓ is indeed geodesic.
By substituting L = A+ S into (27) and using (28), we obtain
Sk[jΨm]i + Si[mΨj]k = 0. (29)
Let us now study in detail consequences of equations (25), (28) and (29). It
is possible to find a general solution of these equations by taking into account their
various contractions (hereafter we assume S 6= 0 and A 6= 0; the non-twisting case
can be obtained as a special case with A = 0).
Contracting i with j in (28) gives
ΨikAim = ΨimAik ⇒ Ψ ·A+A ·Ψ = 0 (30)
and contracting k with j in (29) leads to
ΨijSjm +ΨjmSij = 2SΨim ⇒ Ψ · S + S ·Ψ = 2SΨ. (31)
Previous two equations imply
Ψ ·L+L ·Ψ = 2SΨ.
By contracting i with m in (31) we get
ΨijSij = 0 ⇒ ΨijLij = 0. (32)
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From (25) and (30) it follows that
ΨkiSkj = ΨkjSki ⇒ Ψ · S − S ·Ψ = 0. (33)
Let us denote a trace [Ψ ·Ψ] as p. Now we are in a position to formulate the following
lemma.
Lemma 1 In vacuum type N spacetimes with L 6= 0 following relations are satisfied:
(a) Ψ · S = SΨ, (34)
(b) S · S = SS, (35)
(c) A · S = S ·A = SA, (36)
(d) SA ·A = −A2S, (37)
(e) 2SΨ ·Ψ = pS, (38)
(f) SL · LT = SLT ·L = (S2 +A2)S. (39)
Proof. (a) This equation is a direct consequence of (31) and (33).
(b) By multiplying (29) by Sip and using Lemma 1(a) we get
ΨkjSimSip + SΨmpSkj = ΨkmSijSip + SΨjpSkm.
An appropriate linear combination of this equation with (29) leads to
Ψkj(SimSip − SSmp) = Ψkm(SijSip − SSpj),
which, denoting Xmp ≡ SimSip − SSmp, takes the form
ΨkjXmp = ΨkmXjp. (40)
Note that the matrix X is symmetric. Now contracting k with j gives
ΨjmXjp = 0. (41)
Multiplying (40) with Xmr and using (41) leads to XmpXmr = 0, which, contracting
p with r, gives XmpXmp = 0 and consequently Xmp = 0.
(c) Multiplying (28) with Skp and using Lemma 1(a) leads to
ψijAkmSkp + SψipAmj + ψimAjkSkp = 0. (42)
Now contracting i with m and using (30) gives
ψijYip = 0, (43)
where Yip ≡ AkiSkp + SAip. Now substituting AkiSkp = Yip − SAip into (42) and
using (28) leads to
ψijYmp = ψimYjp. (44)
Multiplying (44) with Ymr using (43) gives YmpYmr = 0 and consequently Ymp = 0.
(d) Let us define another symmetric matrix B by Bik ≡ AijAjk. Note that [B] =
−2A2. Multiplying (30) by Amr and again applying (30) leads to
ψikBir = ψirBik. (45)
Multiplying (28) by Amr leads to
ψijBkr − ψikBjr + ψimAjkAmr = 0, (46)
which after contracting k with r gives
ψikBjk = −A2Ψij . (47)
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Multiplying (46) with Bkr and using (45), (47) and (30) leads to BkrBkr = 2A
4 and
similarly multiplying (46) by Skr results in BkrSkr = −2SA2. Let us now define a
symmetric matrix Q by
Qij ≡ SBij +A2Sij .
Using previous formulae it turns out that QijQij = 0 and thus Qij = 0.
(e) This follows from multiplying (29) by Ψkj .
(f) This follows directly from Lemma 1(b)–(d). ✷
Let us now use Lemma 1 to prove following lemmas for vacuum type N spacetimes
with L 6= 0:
Lemma 2 The matrix S has at most two eigenvalues λ = 0 and λ = S.
Proof. Let us denote the eigenvector of S by ξ. We thus have Sijξj = λξi. By
multiplying Lemma 1(b) by ξ we obtain
SijSjkξk = SSikξk ⇒ λ2 = Sλ
and thus λ = 0 or λ = S. ✷
Lemma 3 The following statements are equivalent:
(a) Vector ξ is an eigenvector of S for the eigenvalue λ = 0.
(b) Vector ξ is an eigenvector of A for the eigenvalue λ = 0.
(c) Vector ξ is an eigenvector of Ψ for the eigenvalue λ = 0.
Proof. (a) ⇒ (b): Suppose that Sijξj = 0. Then by multiplying Lemma 1(c) in the
form SijAjk = SAik by ξi we obtain Aikξi = 0.
(b) ⇒ (a): Suppose that Aijξj = 0. Then by multiplying Lemma 1(d) in the form
SAijAjk = −A2Sik by ξk we obtain Sikξk = 0.
(a) ⇒ (c): Suppose that Sijξj = 0. Then by multiplying Lemma 1(a) in the form
ΨijSjk = SΨik by ξk we obtain Ψikξk = 0.
(c) ⇒ (a): Suppose that Ψijξj = 0. Then by multiplying Lemma 1(e) in the form
2SΨijΨjk = pSik by ξk we obtain Sikξk = 0. ✷
Lemma 4 Every eigenvector of Ψ is also an eigenvector of S.
Proof. The case λ = 0 is solved in Lemma 3. Let us now suppose that Ψijξj = λξi,
λ 6= 0. Then by multiplying Lemma 1(a) in the form ΨijSjk = SΨik by ξi we obtain
Sjkξj = Sξk. ✷
Lemma 5 The only possible eigenvalues of Ψ are λ = 0 and λ = ±√p/2.
Proof. Let us now suppose that Ψijξj = λξi, λ 6= 0. Than thanks to Lemma 4
Sijξj = Sξi. By multiplying Lemma 1(e) in the form 2SΨijΨjk = pSik by ξk we
obtain λ2 = p/2. ✷
For every symmetric matrix W there exists an orthonormal basis of its
eigenvectors ξai in which
Wij =
∑
a
λaξ
a
i ξ
a
j .
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Let us denote eigenvectors ofΨ corresponding to λ = 0, λ =
√
p/2 and λ = −√p/2 by
uα, vA and wA˜, respectively. Here indices α, β, . . ., A,B, . . . and A˜, B˜, . . . distinguish
between vectors u1, . . . , uαmax , v1, . . . , vAmax and w1, . . . , wA˜max . Now we have
Ψij =
√
p
2
(vAi v
A
j − wA˜i wA˜j ). (48)
Note that for indices α, β, . . ., A,B, . . . and A˜, B˜, . . . we also observe Einstein’s
summation convention. Thanks to Lemmas 3 and 4
Sij = S(v
A
i v
A
j + w
A˜
i w
A˜
j ). (49)
Let us now multiply (29) by vAk v
B
j . This leads to
δAB(
√
p
2
Sil + SΨil) = S
√
2p vAl v
B
i
which for A 6= B gives vAl vBi = 0 and thus just one value of index A is possible and
consequently Amax = 1. Let us thus denote v
1 by v. Similarly, we can find that
A˜max = 1 and that there is thus just one vector w = w
1. Equations (48) and (49)
now take form
Ψij =
√
p
2
(vivj − wiwj), Sij = S(vivj + wiwj). (50)
Let us now introduce a new vector V by
Vi = Aijvj .
Thanks to Lemma 1(c) and (d) we have
SijVi = SijAikvk = SVj , Vivi = 0, ViVi = A
2
and thus V is just a multiple of w (wi = ± 1AVi) and we have freedom to set wi = 1AVi.
Then we have
Aijvj = Awi, Aijwj = −Avi.
Now by multiplying equation (28) by vivj we get
Akl = A(wkvl − vkwl). (51)
Note that Ψ,S and A given by (50) and (51) satisfy equations (28), (29) and thus
represent the general solution of these equations for L 6= 0.
4. Type III vacuum spacetimes
For type III vacuum spacetimes the Weyl tensor is given by (11), where Ψijk satisfies
(12) and (13). The algebraic equations
ΨijkLk = L[iΨj], (52)
Ψkl[jLi] = Ψij[kLl], (53)
Li[jΨk] + 2Ls[j|Ψsi|k] = 0, (54)
2A{ij|Ψkl|m} + Ll{iΨjm}k − Lk{iΨjm}l = 0, (55)
where we denote Li0 as Li, follow from the Bianchi equations given in Appendix B.
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Let us show that from (52) and (53) it follows that the multiple PND ℓ in vacuum
type III spacetimes is geodesic. By contracting l with j in (53) and using (52), (12),
and (13) we obtain
2ΨijkLj = ΨkLi. (56)
One can see that for the class with Ψk 6= 0 it implies (as we can see by contracting
this formula with Li) that Li = 0. Similarly, for the case Ψk = 0 these equations
also imply that Li = 0 (contract (53) with Li and employ (52) and (56)). Thus, the
multiple PND ℓ in vacuum type III spacetimes is geodesic.
Now the task is to solve (54) and (55). This turns out to be quite complicated.
We will be able to find a general solution in an arbitrary dimension in the non-twisting
case with Aij = 0 (see Appendix C.1). We also present a solution for the twisting
case, but we can prove that it is a general solution only if we assume that Ψijk is in
a ‘general form’. In Appendix C.2, we show that this solution is indeed general in all
degenerate cases in five dimensions.
Let us start with extracting some information from (54) and (55) by various
contractions. By contracting (55) and using (54) we get
LΨijk + 2L[i|sΨsk|j] − 2SskΨijs + L[i|kΨ|j] = 0, (57)
where L = 2S is the trace of L. After adding (54) (where we replace indices i, j, k by
k, i, j, respectively) to (57) we obtain
LΨijk + 4S[i|sΨsk|j] − 2SskΨijs + 2S[i|kΨ|j] = 0, (58)
which does not contain A – the antisymmetric part of L, and similarly
LΨijk − 4Ψsk[iAj]s − 2Ψ[iAj]k − 2ΨijsSsk = 0. (59)
Contraction of i with j in (54) leads to
LΨk − 2LikΨi + 2LsiΨsik = 0 (60)
and contraction of k with j in (58) (using (12) and (13)) to
LijΨj = 2LjsΨijs (61)
and (60), using (13), with (61) imply
LΨi − LijΨj − 2LjiΨj + 2LkjΨijk = 0. (62)
By substituting L = S +A into (60) and (62) we get
LΨi − 2SijΨj − 2AjiΨj − 4AjkΨijk = 0, (63)
LΨi − 3SijΨj −AjiΨj + 2(Sjk −Ajk)Ψijk = 0 (64)
and their linear combinations give
LΨi + 4AijΨj − 4(Sjk + 2Ajk)Ψijk = 0, (65)
LΨi − 4SijΨj + 4SjkΨijk = 0. (66)
By multiplying (54) by Lij we arrive to
LijLikΨj =
1
2
ℓΨk, (67)
where ℓ = LijLij .
Inspired by the type N case, we again choose an orthonormal basis of eigenvectors
of S. We will denote vectors corresponding to non-zero eigenvalues of S as
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v1,v2, . . . ,vAmax and vectors corresponding to the eigenvalue 0 as u1,u2, . . . ,uαmax .
We thus have
Sij =
Amax∑
A=1
λAv
A
i v
A
j . (68)
Unfortunately, there are three indices A in this formula and we thus will not use
Einstein’s summation convention for indices A,B, . . . (though we will still use it for
indices α, β, . . .).
Let us now decompose other quantities appearing in (54) and (55)
Ψi =
∑
A
aAv
A
i + bαu
α
i , (69)
Aij =
∑
AB
AAB(vAi vBj − vAj vBi ) +
∑
A
BAβ(vAi uβj − vAj uβi ) + Cαβ(uαi uβj − uαj uβi ),
Ψijk =
∑
ABC
MABC(vAi vBj − vAj vBi )vCk +
∑
AB
NABγ(vAi vBj − vAj vBi )uγk
+
∑
AC
OAβC(vAi uβj − vAj uβi )vCk +
∑
A
PAβγ(vAi uβj − vAj uβi )uγk
+
∑
C
RαβC(uαi uβj − uαj uβi )vCk + Sαβγ(uαi uβj − uαj uβi )uγk,
where A, C,M,N ,R and S are antisymmetric in first two indices. Now we need to
rewrite some of the equations from this section in terms of these new quantities (more
complicated equations are given in Appendix A).
From (12) and (66), it follows that
aA = 4
∑
B
MABB + 2PAββ, (70)
bα = − 2
∑
B
OBαB + 4Sαββ, (71)
and
(L− 4λA)aA = − 8
∑
B
λBMABB, (72)
Lbα = 4
∑
B
λBOBαB, (73)
respectively. Equation (58) implies
LSαβγ = 0, (74)
(L− 2λC)RαβC = 0, (75)
LPBαγ + 2λBPBγα = 0, (76)
(L− 2λC)OAβC + 4λANACβ + λAbβδAC = 0, (77)
2λAOAγB − 2λBOBγA + 2LNABγ = 0, (78)
(L− 2λC)MABC + 2λAMACB + 2λBMCBA + λCδC[AaB] = 0, (79)
and (13) leads to
PA[βγ] +RβγA = 0, (80)
O[A|β|C] +NCAβ = 0, (81)
M{ABC} = 0, (82)
S{ABC} = 0. (83)
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In the twisting case, the equations (54) and (55), without specifying dimension,
are quite complex, and there are too many distinct cases to be solved. We thus present
the solution provided L 6= 0 and provided that for every pair A, C (A 6= C) there
exists β for which OAβC 6= 0. It turns out that the only eigenvalues of S that are
compatible with (54) and (55) correspond to Amax = 2, λ1 = L/2, λ2 = L/2. We also
checked other cases (but not all of them) and they also lead to the same conclusion.
For completeness, we treat all other possible cases in five dimensions in Appendix C.2.
A linear combination of (78) and (81), [(78) - L (81)], gives
(2λA + L)OAγB = (2λB + L)OBγA. (84)
For A 6= B [(77)-2λA (81)] leads to
(L+ 2λA − 2λB)OAγB = 2λAOBγA |A 6=B, (85)
and [2λA (84)−(2λB + L)(85)] gives
(λ2A + λ
2
B − λAλB −
L2
4
)OAγB = 0 |A 6=B . (86)
If OAγB 6= 0, we obtain from (86)
(λ2A + λ
2
B − λAλB −
L2
4
) = 0 |A 6=B . (87)
If for each pair A, B there exists γ such that OAγB 6= 0 then (87) is valid for all A,
B, A 6= B. In the case Amax = 2, we have L = λ1 + λ2 and equation (86) leads to
(λ1 − λ2)2 = 0 and consequently λ1 = λ2 = L2 .
In the case Amax > 2, by subtracting
(λ2A + λ
2
C − λAλC −
L2
4
) = 0 |A 6=C (88)
from (87) we obtain
(λB − λC)(λB + λC − λA) = 0 |A 6=B,A 6=C,B 6=C
and thus
λB − λC = 0 (89)
or
λB + λC − λA |A 6=B,A 6=C,B 6=C= 0.
However, in the second case one can show that simply by summing this equation with
interchanged indices
(λB + λC − λA = 0) + (λB + λA − λC = 0)⇒ λA = 0
which cannot happen as λA 6= 0 by definition and thus (89) is satisfied and by
substituting λA = λB = λ in (87) we obtain λ = ±L2 . Note however that
∑
A λA = L
and thus the case λA = −L/2 is excluded and Amax = 2. Thus we can conclude with
Lemma 6 For vacuum type III spacetimes with L 6= 0, providing that for every pair
A, C (A 6= C) there exists β for which OAβC 6= 0, the expansion matrix S has just
one non-vanishing eigenvalue S = L2 which has multiplicity 2.
Let us now study the case with two non-vanishing eigenvalues of S, λ1 = λ2 =
L/2, in general, i.e. without any assumptions about OAβC .
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4.1. The case Amax = 2, λ1 = λ2 = L/2 and Ψi 6= 0.
From (74) and (76) it follows that
Sαβγ = 0, PAβγ = −PAγβ. (90)
By assuming that the index A 6= C in (77) we obtain
NACβ = 0.
Since N is antisymmetric in the first two indices, NACβ = 0 for all combinations of
indices. By substituting A = C in (77) we obtain
bβ = 0
and thus Ψi is an eigenvector of S corresponding to L/2. Equation (77) now implies
OAβC = OCβA
and (71) implies∑
A
OAβA = 0. (91)
Substituting A 6= C,B 6= C into (79) leads to
MABC = 0 |A 6=C,B 6=C ,
(70) leads to
aA = 4
∑
B
MABB ⇒ a1 = 4M122, a2 = 4M211 (92)
and (80) gives
PAβγ +RβγA = 0. (93)
Substituting the index B = A into (A.5), summing over the index A and using
(A.1), (92), (91) and (90) we arrive at
∑
A BAβaA = 0. Consequently, the vector Φ
Φi = AijΨj =
∑
B
2AABaBvAi ,
which is orthogonal to Ψi, is also an eigenvector of S. We thus have two orthogonal
eigenvectors of S, Ψi and Φi. Let us denote ΨiΨi by ψ
2 and ΦiΦi by φ
2. Now we
choose an orthogonal basis with these two vectors which corresponds to
v1i , v
2
i 7−→
Ψi
ψ
,
Φi
φ
.
In this basis we will denote components corresponding to Ψi and Φi by indices P and
F , respectively. S now takes the form
Sij = S
(
ΨiΨj
ψ2
+
ΦiΦj
φ2
)
. (94)
This equation implies SijSij = 2S
2. Now using ℓ = 2(A2 + S2) it follows from the
previous equations and (67) that
AikΦi = A
2Ψk
and thus
φ2 = ΦiΦi = ΦiAikΨk = A
2ΨkΨk = A
2ψ2.
Bianchi identities in higher dimensions 14
Aij as an antisymmetric matrix takes the general form
Aij = APF (ΨiΦj −ΨjΦi) + BPα(Ψiuαj −Ψjuαi )
+ BFα(Φiuαj − Φjuαi ) + Cαβ(uαi uβj − uαj uβi )
but from AijΨj = Φi and AikΦi = A
2Ψk we get
BPα = 0, APF = − 1
ψ2
, BFα = 0
and thus
Aij =
1
ψ2
(ΦiΨj − ΦjΨi) + Cαβ(uαi uβj − uαj uβi ).
Thanks to (90) – (93) we can rewrite Ψijk in the form
Ψijk =
1
2φ2
(ΨiΦj −ΨjΦi)Φk + OPαP
ψ2
(Ψiu
α
j −Ψjuαi )Ψk −
OPαP
φ2
(Φiu
α
j − Φjuαi )Φk
+
OPαF
ψφ
(Ψiu
α
j −Ψjuαi )Φk +
OPαF
ψφ
(Φiu
α
j − Φjuαi )Ψk +
PPβγ
ψ
(Ψiu
β
j −Ψjuβi )uγk
+
PFβγ
φ
(Φiu
β
j − Φjuβi )uγk −
PPβγ
ψ
(uβi u
γ
j − uβj uγi )Ψk −
PFβγ
φ
(uβi u
γ
j − uβj uγi )Φk. (95)
By substituting (95) into (A.15) we obtain APFPPγδ = 0, APFPFγδ = 0 and since
APF 6= 0 we also get PPγδ = 0 = PFγδ. Then (A.14) or (A.13) gives CαβMCDE = 0
which, since MCDE does not vanish, implies Cαβ = 0. In this case we thus have
Aij =
1
ψ2
(ΦiΨj − ΦjΨi), (96)
and
Ψijk =
1
2φ2
(ΨiΦj − ΨjΦi)Φk
+
OPαP
ψ2
(Ψiu
α
j −Ψjuαi )Ψk −
OPαP
φ2
(Φiu
α
j − Φjuαi )Φk
+
OPαF
ψφ
(Ψiu
α
j −Ψjuαi )Φk +
OPαF
ψφ
(Φiu
α
j − Φjuαi )Ψk. (97)
We do not need to examine the rest of equations in Appendix A since Sij , Aij and
Ψijk given by (94), (96) and (97), respectively, already satisfy both equations (54) and
(55) and thus represent their solution.
Note that from (94), (96) and (97) we obtain for type III spacetimes relations
equal or analogous to equations given in Lemma 1:
(a) ΨijsSsk = SΨijk, (98)
(b) SikSjk = SSij , (99)
(c) AikSkj = SikAkj = SAij , (100)
(d) SAikAkj = −A2Sij , (101)
(e) SLikLjk = SLkiLkj = (S
2 +A2)Sij . (102)
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5. Comments on a possible generalization of the Goldberg–Sachs theorem
for higher dimensions
In Sections 3 and 4, it is shown that for type N and III vacuum spacetimes the
expansion and twist matrices S and A have very specific properties given by (50),
(51) and (94), (96) for type N and III, respectively. Note, however, that while in
higher dimensions as well as in 4D the multiple PND is geodesic, it is not shearfree
for n > 4. The question thus arises whether there exist some properties of matrices S
and A that are satisfied (together with the condition that the spacetime possesses a
geodesic null congruence) if and only if the vacuum spacetime is algebraically special.
The answer is unclear at present. Moreover, the conditions for S and A that hold
for types N and III are not satisfied for type D spacetimes (see Appendix D). Let us
here, as a first step towards such possible generalization, show that from the Ricci
identities it follows that
Lemma 7 a) Suppose that an otherwise arbitrary vacuum spacetime admits a non-
expanding and non-twisting geodesic null congruence (i.e. S = 0 = A). Then, the
spacetime in question is algebraically special.
b) Suppose that an otherwise arbitrary vacuum spacetime admits an expanding and
twisting geodesic null congruence, and that its S and A matrices, in appropriately
chosen frame, have the form (50), (51). Then, the spacetime in question is
algebraically special.
Proof. The contraction of the Ricci identities ℓa;bc − ℓa;cb − Rsabcℓs = 0 with
m(i)aℓbm(j)c assuming that ℓ is geodesic with an affine parametrization leads to
DLij + LisLsj + Lis
s
M j0 +Lsj
s
M i0 +R0i0j = 0. (103)
If L = S + A = 0 then R0i0j = C0i0j = 0 for all i, j and the spacetime is thus
algebraically special. This proves the part (a) of Lemma 7.
If we switch i and j in (103) and add and subtract the two equations we obtain
2DSij + LisLsj + LjsLsi + 2Sis
s
M j0 +2Ssj
s
M i0 +2R0i0j = 0, (104)
2DAij + LisLsj − LjsLsi + 2Ais
s
M j0 +2Asj
s
M i0= 0. (105)
We further assume that we have chosen vectors m(i) in such a way that S is
diagonal with the only non-zero entries being S22 = S33 and that A has only two
non-vanishing components A23 = −A32. Then (104) takes the form
2DSij +
2
S
(S2 −A2)Sij + 2Sis
s
M j0 +2Ssj
s
M i0 +2R0i0j = 0. (106)
If i, j > 3 then R0i0j = 0. If i 6= j < 4 then (106) implies 2S22
2
M30 + 2S33
3
M20 +
2R0203 = 0 which using (14) leads to R0203. If i = j < 4 then again from (106) we get
2DS + 2(S2 − A2) + 2R0202 = 2DS + 2(S2 − A2) + 2R0303 = 0 which together with
R0i0i = 0 gives R0202 = R0303 = 0. For j > 3 and i ∈ (2, 3) equations (106) and (105)
turn to be
2Sis
s
M j0 +2R0i0j = 0 =⇒ S22
2
M j0 +R020j = 0, S33
3
M j0 +R030j = 0, (107)
2Ais
s
M j0= 0 =⇒ A23
3
M j0 = A32
2
M j0 = 0 =⇒
2
M j0 =
3
M j0 = 0 (108)
that leads to R020j = R030j = 0 and hence R0i0j = C0i0j = 0 for all i, j and the
spacetime is thus algebraically special. This proves the part (b) of Lemma 7. ✷
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Note also that by contracting i with j in (106) we obtain for higher dimensions
the same relation which is also valid for 4D
DS = A2 − S2. (109)
6. Discussion
In this paper, we present a higher dimensional frame formalism. The complete set of
frame components of the Bianchi identities, which are in this context usually called the
Bianchi equations, is given in Appendix B. For algebraically general spacetimes these
equations are quite complicated. However, for algebraically special cases they are much
simpler (e.g., see Section 3 for the type N case). In 4D it is possible to use the Bianchi
and Ricci equations to construct many algebraically special solutions of Einstein’s field
equations. The hope is that it is possible to do a similar thing in higher dimensions,
at least for the simplest algebraically special spacetimes. The vast majority of today’s
known higher dimensional exact solutions are simple generalizations of 4D solutions.
The present approach may lead to new, genuinely higher dimensional exact solutions.
Type N and D (see [1, 3] for the definition of type D in higher dimensions) solutions
may be of particular physical interest.
In particular, we study the consequences of the algebraic Bianchi equations for
type N and III spacetimes. It turns out that the principal null direction ℓ in these
spacetimes is geodesic. For vacuum type N spacetimes with non-vanishing expansion
or twist we also prove that the corresponding components of the Weyl tensor and
expansion and twist matrices, in an appropriately chosen frame, can be expressed as
Ψij =
√
p
2
(vivj − wiwj), Sij = S(vivj + wiwj), Akl = A(wkvl − vkwl).
Note that we do not obtain any constraints for Ψij in non-twisting and non-expanding
type N spacetimes. We also establish similar results for vacuum type III spacetimes.
The Weyl tensor is said to be reducible if we can decompose it into two parts
Cabcd = C
a˜
b˜c˜d˜
+ C aˆ
bˆcˆdˆ
where indices a, b, . . . have values from 0 to n− 1, whereas indices a˜, b˜, . . . have values
from 0 to N − 1, and indices aˆ, bˆ, . . . from N to n− 1 [3]. In this sense the Weyl tensor
in vacuum type N spacetimes with non-vanishing expansion or twist is reducible, with
a nontrivial four-dimensional part and a vanishing (n− 4)-dimensional part.
In 4D the well-known Goldberg–Sachs theorem [4] states that ‘a vacuum metric
is algebraically special if and only if it contains a shearfree geodesic null congruence’.
This theorem (and also its non-vacuum generalizations – see [5]) is very useful for
constructing algebraically special exact solutions. At present it is unclear if and to
what extent this theorem may be generalized for higher dimensions (see Sec. 5 for
details).
Recently, all 4D spacetimes with vanishing curvature invariants (i.e., vanishing
invariants constructed from the Riemann tensor and its covariant derivatives of an
arbitrary order – VSI spacetimes) were determined in [6]. In [7], the generalization to
higher dimensions was discussed. All these spacetimes are of type III, N or O. The
results presented in this paper will enable us to explicitly express curvature invariants
involving derivatives of the Riemann tensor in higher dimensions. For example, for
type N vacuum spacetimes we obtain, thanks to Lemma 1,
I = Cabcd;pqCamcn;pqC
tmun;rsCtbud;rs = 3
2210p2(S2 +A2)4.
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Consequently, we will be able to prove that higher dimensional VSI spacetimes are
expansion and twist free, thereby proving the assertion made in [7] (see [8]).
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Appendix A. Components of equations (54) and (55)
Equation (54) gives
Cα[βbγ] +
∑
F
BF [β|PFα|γ] + 4Cφ[β|Sφα|γ] = 0, (A.1)
2CαβaC + BCαbβ − 2λCPCαβ +
∑
F
4ACFPFαβ + 2
∑
F
BFβOFαC
+8CφβRφαC + 4BCφSφαβ = 0, (A.2)
BA[βbγ] + 4
∑
F
BF [β|NFA|γ] − 4Cφ[β|PAφ|γ] = 0, (A.3)
λBOBαC − λCOCαB + B[C|αa|B] + 4
∑
F
AF [B|OFα|C] + 4B[B|φRαφ|C] = 0, (A.4)
λAδABbγ − BAγaB + 2AABbγ + 4λBNBAγ + 8
∑
F
AFBNFAγ
+2BBφPAφγ − 4
∑
F
BFγMFAB + 4CφγOAφB = 0, (A.5)
λAδA[BaC] + 2AA[BaC] + 2λBMBAC − 2λCMCAB
+8
∑
F
AF [B|MFA|C] + 2B[B|φOAφ|C] = 0. (A.6)
Equation (55) leads to
2C{αβ|Sγδ|ε} + Cδ{αSβε}γ − Cγ{αSβε}δ = 0, (A.7)
2CβεRγδA + Cδ[ε|PA|β]γ + Cγ[β|PA|ε]δ + 2BA[βSγδ|ε] + BA[γSβε|δ] = 0, (A.8)
2C{αβ|PCδ|ε} + 2Cδ{αRβε}C − BC{αSβε}δ = 0, (A.9)
−4B[A|εRγδ|B] + B[B|δP|A]εγ − B[B|γP|A]εδ + 4C[δ|εNAB|γ] + 4AABSγδε = 0, (A.10)
2BA[β|PCδ|ε] + BC[β|PA|ε]δ + 2CβεOCδA − 2Cδ[β|OA|ε]C − BAδRβεC
−(λAδAC + 2ACA)Sβεδ = 0, (A.11)
4C{αβ|NCD|ε} + BD{αRβε}C − BC{αRβε}D = 0, (A.12)
4CαβMCDE + 4BE[α|NCD|β] + BD[β|OE|α]C − BC[β|OE|α]D
+2λEδE[DRαβ|C] + 4A[D|ERαβ|C] = 0, (A.13)
2CαγMBED + BDαNBEγ + 2B[B|αODγ|E] + B[B|γOEα|D]
−2ABEPDγα + 2AD[BPE]αγ + λDδD[BPE]αγ = 0, (A.14)
B[A|γNB]Eδ + B[B|δNA]Eγ + BE[γNAB|δ] + 2A{AB|Rγδ|E} = 0, (A.15)
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4B[E|αMCD|B] + 2B[D|αMBE|C] + 4ABENCDα + 2AD[BOE]αC + 2AC[EOB]αD
+λBδB[D|OEα|C] + λEδE[C|OBα|D] = 0, (A.16)
B{A|γMBE}D − 2A{AB|ODγ|E} + 2AD{ANBE}γ + λDδD{ANBE}γ = 0, (A.17)
4A{AB|MCD|E} + 2AD{AMBE}C − 2AC{AMBE}D
+λDδD{AMBE}C − λCδC{AMBE}D = 0. (A.18)
Appendix B. Bianchi equations
DR101i +△R010i − δiR0101 = 2R010[iL1]1 −R101iL10
−R01isLs1 − 2R101sLsi + 2R[1|i1sLs|0] −R0101Ni0 − 2R010sNsi
+R01isNs0 + 2R0s[0|iNs|1] −R010s
s
M i1 −R101s
s
M i0, (B.1)
−△R01ij + 2δ[j|R101|i] = 2R101[j|L1|i] + 2R101[i|L|j]1 + 2R1[i|1sLs|j] +R1sijLs1
+2R0101N[ji] + 2R010[jNi]1 + 2R01[i|sNs|j] + 2R0s1[j|Ns|i] −R0sijNs1
+2R01[i|s
s
M |j]1 +2R101s
s
M [ji], (B.2)
−DR01ij + 2δ[i|R010|j] = 2R0101L[ij] + 2R010[j|L1|i] + 2R01[i|sLs|j]
+2R0[i|1sLs|j] + 2R101[iLj]0 +R1sijLs0 + 2R010[jNi]0 + 2R0[j|0sNs|i]
−R0sijNs0 + 2R01[i|s
s
M |j]0 +2R010s
s
M [ij], (B.3)
DR1i1j −△R0j1i − δjR101i = 2R101iL[1j] − 2R1i1jL10 + 2R1i[j|sLs|1]
+2R010[1|Ni|j] − 2R101(i|N|j)0 + 2R0[j|isNs|1] +R0s1iNsj − 2R1(ij)sNs0
+2R[0|j1s
s
M i|1] +2R[0|s1i
s
M j|1] +R101s
s
M ij , (B.4)
DR0i1j −△R0i0j + δjR010i = 2R010[j|Li|1] + 2R010iL(1j) − 2R0i0jL11
+R101jLi0 + 2R0i[j|sLs|1] + 2R0[j|isLs|1] −R1jisLs0 +R010iNj0 + 2R0i[0|sNs|j]
−R010s
s
M ij +2R0s[0|j
s
M i|1] +2R0i[0|s
s
M j|1], (B.5)
−DR1kij +△R0kij − δkR01ij = −2R0[1|ijL|k]1 + 2R0k1[iLj]1 + 2R101[iLj]k
−2R1[i|1kL|j]0 +R1kijL10 + 2R[1|sijLs|k] − 2R010[iNj]k −R01ijNk0
+2R0[i|0kN|j]1 + 2R0[j|1kN|i]0 + 2R[k|sijNs|0]
+2R01[i|s
s
M |j]k +2R[0|kjs
s
M i|1] +2R[1|kis
s
M j|0] +2R[1|sij
s
Mk|0], (B.6)
△R0ijk + 2δ[k|R0i1|j] = 2R0i1[j|L|k]1 + 2R0[i|jkL|1]1 + 2R101[j|Li|k] + 2R1[k|isLs|j]
−RisjkLs1 + 2R010iN[jk] + 2R0i0[jNk]1 + 2R0i[k|sNs|j]
+2R0i1s
s
M [kj] +2R0s1[k|
s
M i|j] +2R0i[k|s
s
M |j]1 −R0sjk
s
M i1, (B.7)
DR0ijk + 2δ[k|R0i0|j] = −2R010iL[jk] + 2R010[k|Li|j] + 4R0i0[j|L1|k] + 2R0i1[jLk]0
+2R0[i|jkL|1]0 + 2R0i[k|sLs|j] + 2R0[k|isLs|j] −RisjkLs0 + 2R0i0[j|N|k]0
+2R0i0s
s
M [kj] +2R0[k|0s
s
M i|j] +2R0i[k|s
s
M |j]0 −R0sjk
s
M i0, (B.8)
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DR1ijk + 2δ[k|R0|j]1i = 2R101iL[jk] + 2R1i1[jLk]0 −R1ijkL10 + 2R1i[k|sLs|j]
+R010jNik + 2R01[j|kNi|0] − 2R0[k|1iN|j]0 + 2R0[k|isNs|j] −RisjkNs0
+2R0[k|1s
s
M i|j] −2R0s1i
s
M [jk] +2R1i[k|s
s
M |j]0 −R1sjk
s
M i0, (B.9)
△R1ijk + 2δ[k|R1i1|j] = 2R1i1[jLk]1 + 4R1i1[k|L1|j] −R1ijkL11
+R01jkNi1 + 2R0[j|1iN|k]1 + 2R101[k|Ni|j] + 2R101iN[kj] + 2R1i[k|sNs|j] + 2R1[k|isNs|j]
−RisjkNs1 − 2R1i1s
s
M [jk] +2R1[k|1s
s
M i|j] +2R1i[k|s
s
M |j]1 −R1sjk
s
M i1, (B.10)
− δ{i|R01|jk} = R101{iLjk} −R101{iLkj} +R1s{ij|Ls|k} +R010{iNkj}
−R010{iNjk} −R0sijNsk + 2R0s[i|kNs|j] +R01{i|s
s
M |jk} −R01{i|s
s
M |kj}, (B.11)
−DRijkm + 2δ[k|R0|m]ij = 2R01ijL[km] + 2R0k[1|jL|i]m + 2R0[m|1iLj|k]
+2R0m[i|jL|1]k + 2R1[j|kmL|i]0 + 2R1[m|ijL|k]0 + 2Rij[k|sLs|m]
+2R0i0[m|Nj|k] + 2R0j0[k|Ni|m] + 2R0[j|kmN|i]0 + 2R0[m|ijN|k]0 + 2R0[k|is
s
M j|m]
+2R0[m|js
s
M i|k] +2R0sij
s
M [km] +2R[i|skm
s
M |j]0 +2Rij[k|s
s
M |m]0, (B.12)
−△Rijkm + 2δ[k|R1|m]ij = 2R1i[1|mLj|k] + 2R1[j|1kL|i]m + 2R1j[k|mLi|1]
+2R1kijL[1m] + 2R1mijL[k1] − 2R01ijN[km] + 2R0[i|1mN|j]k + 2R0[j|1kN|i]m
+2R0[j|kmN|i]1 + 2R0[m|ijN|k]1 + 2Rij[k|sNs|m] + 2R1k[i|s
s
M |j]m
+2R1m[j|s
s
M |i]k +2R1sij
s
M [km] +2Rij[k|s
s
M |m]1 +2R[i|skm
s
M |j]1, (B.13)
δ{j|R1i|mk} = R1i1{jLmk} −R1i1{jLkm} +R1i{jk|L1|m} +R01{jm|Ni|k} −R0{j|1iN|km}
+R0{j|1iN|mk} +Ris{jk|Ns|m} − R1i{j|s
s
M |mk} +R1i{j|s
s
M |km} +R1s{jk|
s
M i|m},(B.14)
δ{j|R0i|mk} = R01{jk|Li|m} −R0i1{jLkm} +R0i1{jLmk} +R0i{jm|L1|k} +Ris{jk|Ls|m}
+R0i0{jNmk} −R0i0{jNkm} +R0i{j|s
s
M |km} −R0i{j|s
s
M |mk} +R0s{jk|
s
M i|m}, (B.15)
δ{k|Rij|nm} = R1j{km|Li|n} −R1i{km|Lj|n} −R1{k|ijL|mn} +R1{k|ijL|nm}
+R0j{km|Ni|n} −R0i{km|Nj|n} +R0{k|ijN|nm} −R0{k|ijN|mn}
+Rij{k|s
s
M |mn} −Rij{k|s
s
M |nm} +Ris{km|
s
M j|n} −Rjs{km|
s
M i|n} . (B.16)
Appendix C. Proof for vacuum type III spacetimes
Appendix C.1. Non-twisting case in an arbitrary dimension
In this case, A=0 and thus L = S is symmetric (we assume S 6= 0 since in the
non-twisting and non-expanding case both sides of equations (54) and (55) vanish).
From (60) we obtain
SijΨj =
L
2
Ψi. (C.1)
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Note that providing Ψi 6= 0 from (C.1) and from (67) we obtain L2 = 2ℓ and thus the
case L = 0 leads to S = 0.
Equation (59) leads to
LΨijk = 2ΨijsSsk, (C.2)
which using the decomposition (69) implies
LNABγ = 0, LPAβγ = 0, LSαβγ = 0, (C.3)
(L− 2λC)MABC = 0, (L− 2λC)OAβC = 0, (L− 2λC)RαβC = 0.
First study the case with L = 0. From equations (C.3) we get MABC = 0,
OAβC = 0, RαβC = 0 and thus from (76) and (81) PAβγ = 0, NABγ = 0 and further
from (A.11) Sαβγ = 0 which imply Ψijk = 0, i.e., a type N or O spacetime and thus
there are no non-trivial solutions of (54) and (55) of type III with L = 0.
Now we may proceed to the case L 6= 0. Then (C.3) and (80) imply
NABγ = 0, PAβC = 0, Sαβγ = 0, RαβC = 0. (C.4)
From (C.1) we get
λAaA =
L
2
aA, and bα = 0, (C.5)
which leads to
aA = 0 or λA =
L
2
. (C.6)
(i) If all aA 6= 0 then all λA = L/2 (C.6) and thus Amax = 2, λ1 = λ2 = L/2. The
corresponding solution is given by (C.20).
(ii) If at least one aA 6= 0 then corresponding λA = L/2 and from (79) with
B = C 6= A and (A.6) with A = C 6= B and after interchanging A with B
we get
aA =
2L− 4λB + 4λA
λB
MABB |B 6=A, (C.7)
aA = 4
λA
λB
MABB |B 6=A . (C.8)
Comparing the right hand sides we obtain 2L − 4λB + 4λA = 4λA and thus
λB = L/2 for all B 6= A. However, the remaining λA = L/2 and in this case
again Amax = 2, λ1 = λ2 = L/2.
(iii) If all aA = 0 then (C.8) implies
MABB = 0 (C.9)
for all A, B. We treat separately the case with all MABC = 0 and the case with
some MABC 6= 0.
(A)
If all MABC = 0 than there exists at least one non-vanishing OAβC in order to
have a type III Weyl tensor.
For Amax ≥ 3, from equation (A.16) for B = C, C 6= E, C 6= D, D 6= E we get
λCOEαD = 0 which implies that all OEαD = 0 |E 6=D. Equation (77) with C = A,
i.e., (L− 2λA)OAβA = 0, implies
OAβA = 0 or λA = L
2
. (C.10)
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From equation (A.16) (for B = C, D = E, C 6= E)
λCODαD = −λDOCαC |D 6=C . (C.11)
If there exists λC 6= L/2 then from (C.10) OCαC = 0 and thus from (C.11) all
ODαD = 0 and Ψijk = 0, the spacetime is of the type N or O. The other possibility
that all λA = L/2 is not compatible with Amax ≥ 3 and so Amax ≤ 2.
For Amax = 2, (71) with (C.11) imply
λ2 = λ1 =
L
2
and O2β2 = −O1β1 (C.12)
or O2β2 = O1β1 = 0. In the second case, equation (81) implies
O2β1 = O1β2 (C.13)
and from (78) (or (A.4)) we get λ2 = λ1 = L/2.
For Amax = 1, from (C.10) we immediately get O1β1 = 0, type N or O spacetimes.
To summarize, the case MABC = 0 (∀ A, B, C) always leads to Amax = 2,
λ1 = λ2 = L/2 or to type N or O spacetimes.
(B)
Let us now assume, for Amax ≥ 4, that there existsMABC 6= 0 |B 6=C . Then (A.18)
for C 6= D, A 6= D, A 6= C, B = D, C 6= E and D 6= E implies λDMAEC = 0
and thus allMABC = 0 |B 6=C which is in contradiction with our assumptions and
consequently Amax ≤ 3.
Equation (79) with C 6= A and B 6= C and (A.6) gives
(L− 2λC + 2λA)MCAB = (L− 2λC + 2λB)MCBA |C 6=A, C 6=B, (C.14)
λAMCAB = λBMCBA. (C.15)
These two equations leads to
(L− 2λC)MCAB = (L− 2λC)MCBA (C.16)
and so either
λC =
L
2
∧ λAMCAB = λBMCBA (C.17)
or
λC 6= L
2
∧ MCAB =MCBA ∧ λAMCAB = λBMCBA (C.18)
i.e.,
MCAB =MCBA = 0 or MCAB =MCBA 6= 0 ∧ λA = λB. (C.19)
Let us assume that Amax = 3. Let λ1 6= L/2. Then the case (a)M123 =M132 = 0
(C.18) implies M231 = 0 (82) which is the case MABC = 0 studied above (A).
The condition (b) M123 =M132 6= 0 (C.18) also implies M231 = 0 (82) and for
λ2 6= L/2 we get M213 = M231 = 0 (C.18) and thus also M123 = 0 and this is
again the case MABC = 0. However, if λ2 = L/2 then λ1M213 = λ3M231 = 0
(C.17) and since M231 = 0 we again obtain the case MABC = 0.
If λ1 = L/2 then λ2 = L/2 immediately implies λ3 = 0 and λ2 6= L/2 corresponds
to the case analyzed in the previous paragraph.
Amax < 3 again leads to all MABC = 0 (C.9).
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To summarize, the general solution of (54) and (55) in the non-twisting case may
be written, substituting (C.4), (C.5), (C.8), (C.12) and (C.13) into (69), in the form
Ψi = 4M122v1i + 4M211v2i ,
Sij =
L
2
(v1i v
1
j + v
2
i v
2
j ), (C.20)
Ψijk = 2M122(v1i v2j − v1j v2i )v2k + 2M211(v2i v1j − v2j v1i )v1k
+ O1α1(v1i uαj − v1juαi )v1k −O1α1(v2i uαj − v2juαi )v2k
+ O1α2(v1i uαj − v1juαi )v2k +O1α2(v2i uαj − v2juαi )v1k.
Appendix C.2. Twisting type III spacetimes in five dimensions
In Section 4, we studied possible non-zero eigenvalues λA, A = 1, . . . , Amax, of S
which are compatible with equations (54) and (55), providing that for every pair A,
C (A 6= C) there exists β for which OAβC 6= 0. It turned out that then it follows
from (54) and (55) that Amax = 2 and λ1 = λ2 = L/2. Here we study all other
possible cases in 5D and show that the only case with non-vanishing eigenvalues of S
is Amax = 2 and λ1 = λ2 = L/2. Corresponding form of Ψijk, Ψi, S and A is given
in Section 4.
In 5D, Amax can have values 0, 1, 2 or 3. We will treat these cases separately
(the cases Amax = 0 and Amax = 1 can be easily solved in an arbitrary dimension).
(i) The case Amax = 0 (globally) corresponds to S = 0 and one of the Ricci equations
gives DA = AA, which implies (take trace of both sides) that A = 0. Thus in an
arbitrary dimension, as in 4D, there are no non-expanding, twisting spacetimes.
(ii) If Amax = 1, i.e., λ1 = L 6= 0, then MABC = 0, NABγ = 0 and AAB = 0. From
(74) and (75), it follows Sαβγ = 0 and RαβC = 0. Equations (80) and (76) give
PAβγ = 0. From (77) and (71), it follows bβ = 0 and OAβA = 0. Thus, the case
Amax = 1 leads to a type N or O spacetime.
(iii) In the case Amax = 2, αmax = 1 and thus, thanks to antisymmetry, RαβC = 0 and
Sαβγ = 0. Then from (80) PAβγ = PAγβ and from (76) PBαγ = 0 or λB = −L/2.
Let us proceed further assuming that at least one non-vanishing O exists:
From (77) and (81), it follows that O112 = 0 is equivalent to O211 = 0. Similarly,
from (77) and (71), O111 = 0 is equivalent to O212 = 0.
The case O112, O211 6= 0 was analyzed in Section 4 and leads to λ1 = λ2 = L/2.
If O112 = 0 = O211 and O111, O212 6= 0 then (81) gives NABγ = 0 and from (77)
and (71),
bβ =
λ1 − λ2
λ1
O1β1 = λ2 − λ1
λ2
O2β2 = −2(O1β1 +O2β2), (C.21)
follows λ1 = λ2 = L/2. Next we have to analyze possible cases with OAβC = 0
∀ A, β, C.
Let us now assume that all O’s are zero and at least one M is non-vanishing.
From (79) for B = C and B 6= A and from (72) we get
λ2a1 = 2(3λ1 − λ2)M122, (−3λ1 + λ2)a1 = −8λ2M122, (C.22)
λ1a2 = 2(3λ2 − λ1)M211, (−3λ2 + λ1)a2 = −8λ1M211. (C.23)
If a1 6= 0 (and thus also M122 6= 0) then the ratio of equations (C.22) gives
(3λ1 + λ2)(λ1 − λ2) = 0 which has solutions
λ2 = λ1 or λ2 = −3λ1. (C.24)
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Similarly, if a2 6= 0, M211 6= 0 then the ratio of equations (C.23) gives
(3λ2 + λ1)(λ2 − λ1) = 0 with solutions λ2 = λ1 or λ1 = −3λ2. Thus for a1 6= 0
and a2 6= 0, the only solution is λ2 = λ1 = L/2.
If only one aA 6= 0, without loss of generality a1 6= 0 and a2 = 0, then M211 = 0
and from (70) P211 = 0 and from (A.14) it follows P111 = 0. For the second
solution in (C.24), λ2 = −3λ1, from (C.22) and (70) we obtain a1 = −4M122 and
a1 = 4M122, respectively, and thus this case does not occur.
If a1 = 0 = a2 then (C.22), (C.23) imply that allM’s are zero and from (70) also
all P ’s vanish, which leads to a type N or O spacetime.
(iv) For Amax = 3, the only components of Ψijk, Ψi and Aij areMABC , aA and AAB ,
respectively.
From (79) with C = B we obtain the equation
aA =
2L+ 4λA − 4λB
λB
MABB |B 6=A (C.25)
that together with (70) gives
a1 =
2L+ 4λ1 − 4λ2
λ2
M122 = 2L+ 4λ1 − 4λ3
λ3
M133 = 4(M122 +M133), (C.26)
a2 =
2L+ 4λ2 − 4λ1
λ1
M211 = 2L+ 4λ2 − 4λ3
λ3
M233 = 4(M211 +M233), (C.27)
a3 =
2L+ 4λ3 − 4λ1
λ1
M311 = 2L+ 4λ3 − 4λ2
λ2
M322 = 4(M311 +M322). (C.28)
(A) If all aA 6= 0 then the only solution is λ1 = λ2 = L/2 and λ3 = 0, which
corresponds to Amax = 2 discussed above.
(B) Let us now study the case with one aA vanishing (we can assume a3 = 0
without loss of generality). Then from (C.28) either M311 + M322 = 0 and
λ1 = λ2 = L/2 + λ3, which implies Amax = 2, λ3 = 0, λ1 = λ2 = L/2, or
M311 =M322 = 0 and then from (C.26) and (C.27) we get
3λ21 − λ22 − λ23 + 2(−λ1λ2 − λ1λ3 + λ2λ3) = 0, (C.29)
−λ21 + 3λ22 − λ23 + 2(−λ1λ2 + λ1λ3 − λ2λ3) = 0. (C.30)
Their difference gives
4(λ1 − λ2)(λ1 + λ2 − λ3) = 0 (C.31)
and thus either λ1 = λ2 and from (C.29) λ3 = 0 or λ3 = λ1 +λ2 and from (C.29)
λ1λ2 = 0. This case thus again leads to Amax = 2.
(C) If only one aA is non-vanishing (we again choose a1 6= 0 and a2 = a3 = 0
without loss of generality) then (C.27), (C.28) imply either λ1 = L/2 + λ3 = λ2
and λ1 = L/2+λ2 = λ3, which is not possible, or λ1 = L/2+λ3 = λ2, which gives
λ1 = λ2 = L/2 and λ3 = 0, or λ1 = L/2 + λ2 = λ3, which gives λ1 = λ3 = L/2
and λ2 = 0, or M211 = M233 = M311 = M322 = 0. All these cases, except
the last one are inconsistent with our assumption Amax = 3. We thus need to
check the last case M211 = M233 = M311 = M322 = 0, which has two possible
branches corresponding to M123 = 0 and M123 6= 0.
(a) M123 = 0: from (79) (in the form (C.14))
(−λ1 + 3λ2 + λ3)M123 = (−λ1 + λ2 + 3λ3)M132, (C.32)
(3λ1 − λ2 + λ3)M213 = (λ1 − λ2 + 3λ3)M231, (C.33)
(3λ1 + λ2 − λ3)M312 = (λ1 + 3λ2 − 3λ3)M321, (C.34)
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we get λ3 = 0 and λ1 = L/2 = λ2 for M231 =M132 6= 0, or M231 =M132 = 0.
Then from (A.6) we get AAB = 0 and a1 = 4λ1λ2 M122 = 4λ1λ3 M133 which together
with (C.26) gives λ2 = λ3 = L/2, λ1 = 0.
(b) M123 6= 0: from (C.32)–(C.34) and (82) we get
λ21 + λ
2
2 + λ
2
3 − 2(λ1λ2 + λ1λ3 + λ2λ3) = 0 (C.35)
with the solution λ3 = λ1 + λ2 ± 2
√
λ1λ2. By substituting this result into (C.29)
we get λ1(λ2 ±
√
λ1λ2) = 0 and thus either λ1 = 0 and λ2 = λ3 = L/2 or
λ1 = λ2 = L/2 and λ3 = 0 (λ3 = 4λ1 does not satisfy (C.29)).
(D) If all aA = 0 then from (C.26)–(C.28) either one of λA = 0 and the other two
are equal to L/2 or all MABB = 0. Then if
a) M123 = 0 from (C.32)–(C.34) and (82) we get either one of λA = 0 and other
two are again equal to L/2 or all MABC = 0, which corresponds to a type N or
O spacetime.
b) If M123 6= 0 then from (C.32)–(C.34) and (82) we get (C.35). Further from
(A.6) we get all AAB = 0 and then
λ2M123 = λ3M132, (C.36)
λ1M123 = −λ3M231, (C.37)
λ1M132 = λ2M231, (C.38)
which yields
0 = (λ2 − λ3)(λ1 − λ2 − λ3), (C.39)
0 = −λ21 + λ1λ2 + 3λ1λ3 + 2λ2λ3 − 2λ23, (C.40)
0 = −λ21 + 3λ1λ2 + λ1λ3 + 2λ2λ3 − 2λ22, (C.41)
with the solution either λ1 = λ2 + λ3 (then (C.40) implies λ2 or λ3 is zero) or
λ2 = λ3 and (C.40) implies λ1 = 0 or λ1 = 4λ2; however, from (A.18) we get
(λ2 − λ1)M123 = 0 which is contradiction.
Appendix D. An example of a type D vacuum spacetime
The five-dimensional rotating black-hole metric in Boyer-Lindquist coordinates has
the form [9, 10] (we use the notation of [10])
ds2 =
ρ2
4∆
dx2 + ρ2dθ2 − dt2 + (x+ a2) sin2 θdφ2 + (x+ b2) cos2 θdψ2
+
r0
2
ρ2
(dt+ a sin2 θdφ+ b cos2 θdψ)2,
where
ρ2 = x+ a2 cos2 θ + b2 sin2 θ, ∆ = (x+ a2)(x + b2)− r02x.
After normalizing two null vectors L+ and L− given in (4.23) in [10], one can
appropriately choose the rest of the frame vectors m1, m2 and m3. It turns out
that all components of the Weyl tensor with the boost weights 2, 1, -1, -2 vanish and
hence the spacetime is of the algebraic type D [1, 3]. One can also explicitly calculate
the matrix S. While the form of S depends on the choice of m1, m2 and m3, the
characteristic polynomial of S, Pλ(S), does not. For Pλ(S) we obtain
Pλ(S) =
(
λ− 1√
x
)(
λ−
√
x
ρ2
)2
(D.1)
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and the diagonal form of S is
Sdiag =


1√
x
0 0
0
√
x
ρ2
0
0 0
√
x
ρ2

 (D.2)
From (20) it follows that shear is
σ =
√
2
3x
(
1− x
ρ2
)
, (D.3)
which is in accordance with equation (4.25) in [10]. Note that for a = b = 0 all
eigenvalues of S are equal and shear is thus zero. Whereas for a2 + b2 > 0 the matrix
S has two equal and one distinct eigenvalue and shear does not vanish. Note also that
similarly as for the types III and N, this algebraically special vacuum solution has
non-vanishing shear (see also footnote 4 in paper [10]). Moreover, in this spacetime S
does not have properties proved in Sections 3 and 4 for vacuum type N and type III
spacetimes.
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